Non-Negative Matrix Factorization:

Derivation of Update Rules & Convergence Proof
Following Lee & Seung (1999, 2001)

Reference Notes — Matt Jacob
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1 Problem Setup

We are given a non-negative data matrix V € RZ§™. We seek non-negative matrix factors
nxr Xm
W e RSy, H e RY,

such that V =~ WH. The rank r is chosen so that (n + m)r < nm, making WH a compressed
representation of V.

The non-negativity constraints W > 0, H > 0 are what distinguish NMF from PCA or SVD.
They force the factorization to use only additive combinations, which leads to parts-based
representations.

2 Two Objective Functions

Lee & Seung consider two divergence measures between V and W H.

2.1 Squared Euclidean Distance (Frobenius Norm)
Definition 1 (Euclidean Cost).

Lry(W,H) = |V - WH| % ZZ — (WH);,)? (1)

This is minimized when W H is a least-squares approximation to V.

2.2 Generalized KL Divergence (Poisson Likelihood)
Definition 2 (Divergence Cost).

n m V
DVI[WH)=>">" [V;M log ——t— Wi Vip + (WH)y, (2)
i=1 p=1

This is non-negative and equals zero if and only if V. = W H. It arises from a Poisson generative
model: if V;, ~ Poisson((WH);,,), then minimizing D(V|[[W H) is equivalent to maximizing the
log-likelihood

F = [Viplog(WH)i, — (WH);p] + const,
(7
Remark 1. We will derive update rules for both objectives. The Fuclidean case is simpler and
builds intuition; the divergence case is what Lee & Seung use in the 1999 Nature paper.

3 Matrix Calculus Preliminaries

Before deriving the updates, we need several matrix calculus results. Throughout, we treat W and
H as collections of scalar variables W;, and Hy,.



3.1 Expanding the Frobenius Norm

IV —WH|} =Te[(V - WH)(V - WH)]
=Te(VIV) - 2Tr(VIWH) + Te(H"WTW H) (3)

The trace identity ||A]|% = Tr(AT A) converts a matrix norm into scalar traces, which are
easy to differentiate. The key identity used here is Tr(ATB) = >_i; AijBij, which says the
trace of a product is just the element-wise inner product.

3.2 Gradients of Trace Expressions

We need the following standard matrix derivative identities. For matrices A, B, X of compatible
dimensions:

8 _ AT RT

0
8—XTr(XTAXB) =AXB+ ATxB" (5)
Why identity (1) holds: Write out Tr(AXB) = >, .,
> AijBri = (AT)i(BT)1, which is the (4, k) entry of ATBT.
Why identity (5) holds: Write Tr(X"AXB) = 3, i, XjiAjp X By;. Taking 0/0X,, and
collecting terms (the variable X appears twice) gives two contributions, yielding the symmetric
result.

AZ]AX]]CB]CZ Taking 8/8X3k giVGS

3.3 Scalar-Level Derivatives

For element-wise derivations, recall that (WH);, = > _| WiqHg,. Therefore:

OWH), A

O Ha, =W; (6)
OWH),

8WZ - H‘l# (7)

These are the “chain rule building blocks” used throughout.

4 Euclidean Update Rules

4.1 Gradient with Respect to H
Applying (1) and (5) to the expanded form (3):

OLgy _ O Ty T Ty T
50 — B [Tr(V'V) —2Tx(V'WH) + Te(H' W WH)]

=0-2WTv +2wTwH (8)

Term by term:



e Tr(VTV) does not depend on H, so its derivative is 0.
o 2Tr(VIWH): Use (1) with A=VIW, X = H, B=1. Get 2(VIW)TIT = —2wTV.
o Tr(HTWTWH): Use (5) with A= WIW, X = H, B = I. Since WI'W is symmetric, both
terms equal WTW H. Total: 2WTWH.
4.2 Gradient with Respect to W
By analogous computation (or by the symmetry ||V — WH|%2 = |V — HTWT|2):

8£EU T T
=—-2VH 2WHH
Bl VH" +2W 9)

4.3 Constructing Multiplicative Updates

The problem with additive gradient descent: The naive update H <~ H — nV gL can make
entries of H negative, violating the non-negativity constraint.
The multiplicative trick: Decompose the gradient into its positive and negative parts:

Vul= 2W'WH - 2w'V
— ~——
positive part [V*]  negative part [V ]

(“positive” and “negative” refer to the sign of their contribution to the gradient, not the sign of
the matrix entries—both W7 W H and WV have non-negative entries when W, H,V > 0.)
Now set the learning rate to be element-wise adaptive:
_ Hay
Ten = (WTWH).,,
The additive update becomes:

Hop < Hop — Moy - [(WIWH) gy — (WTV )]
H

= Ha —_ 7(1# N WTWH au WTV a
12 (WTWH)aM [( ) H ( ) ,LL:|
(WTV)ay
=H,  ——— 10
O (WTWH),, (10)
Euclidean NMF Update Rules
WV )ay
Hau — Hau . (WTWH)aM (H—update)
(VHT);4
Wia < Wig - m (W—update)

Why non-negativity is preserved: If H,, > 0, W > 0, and V > 0, then both wTy
and WTW H have non-negative entries. A non-negative number times a non-negative ratio
stays non-negative. The constraints are enforced structurally, with no projection or clipping
needed.



Fixed points are stationary points: At convergence, H,, doesn’t change, so the ratio
equals 1, meaning (W21V),, = (WIWH),,, ie, VgL = 0. If H,, = 0, the update keeps
it at 0 regardless of the gradient—this satisfies the KKT complementary slackness condition
for the non-negativity constraint.

5 Divergence Update Rules

Now we derive the updates for the KL divergence objective (2), which is the version in the 1999
Nature paper.

5.1 Gradient with Respect to H,,
We work element-wise. Recall (WH);, = >, WipHy,,.

D =~ 0 [,
OHag

Step by step:
e The V;,logV;, term is constant w.r.t. H, derivative is 0.
o —Vi,log(WH);,: derivative of log(x) is 1/, chain rule via (6) gives =V, - Wio /(W H ).
e —Vj,: constant, derivative is 0.
o (WH);,: derivative via (6) is Wiq.

Setting the gradient to zero at a fixed point:
Vi
Z Wia = Z Wia (WH),,
7 1

5.2 Constructing the Multiplicative Update

Split the gradient (11) into positive and negative parts:

oD Vi
OH,, Z Wia = Z Wia (Wﬁ)w
1 (3

positive part negative part

Set the adaptive learning rate nq, = Hap/ Y ; Wia:



Ha,u <~ Hau z Wm ; Wla Z Wza
—H M (12)
Y Wi
5.3 The W Update
By the same procedure applied to D /OW;,:
3y (it
Wig — Wig - —=——7—""" (13)
Zlu Ha/L
Divergence NMF Update Rules (Lee & Seung 1999)
Wi Vi H);
[Blgy = Sl - 2 W z‘:/lum//iw Ji (H-update)
Ha 4 V; WH %
Wig < Wig - 2y Hor Vi [ (W H iy (W-update)
Zy Hau
After the W-update, normalize each column of W to sum to 1.

The ratio V;, /(W H);, is the reconstruction error signal. If (W H);, underestimates V;,, the
ratio > 1 and the responsible weights get boosted. If it overestimates, the ratio < 1 and
weights shrink. This is the same correction mechanism as Richardson-Lucy deconvolution
and EM for mixture models.

6 Convergence Proof (Euclidean Case)

We prove that the Euclidean update rule (10) monotonically decreases Lgy. The proof uses an
auxiliary function (the same technique used to prove EM convergence).

6.1 Auxiliary Function Method
Definition 3 (Auxiliary Function). G(h,h') is an auziliary function for F(h) if:
(i) G(h,h*) > F(h) for all h  (upper bound)
(ii) G(ht,ht) = F(h')  (touches F at the current point)
Lemma 4. If G is an auziliary function for F, then F is non-increasing under the update

A = arg m}}n G(h, h")



Proof.
F(ht+1) < G(ht+1,ht) < G(ht,ht) — F(ht)

The first inequality is property (i). The second holds because h!™! minimizes G(-, k), so it is no
worse than h!. The equality is property (ii). O

This is exactly how EM convergence is proven. The E-step constructs an auxiliary function
(the expected complete-data log-likelihood), and the M-step minimizes it. Each iteration is
guaranteed to improve the objective. The NMF proof follows the same template.

6.2 Constructing the Auxiliary Function for NMF

We focus on the H-update, treating W as fixed. For clarity, consider a single column of H and the
corresponding column of V. Let h € RY be the encoding vector (a column of H), and write the
cost for a single data point as:

2
1 1
F(h) = 5”“ —Wh|? = B Z <Uz‘ - ZWiaha>
Expanding:

1
F(h) =5 [vTv — 20" Wh + RTWTWh] (14)

The quadratic term AT WTWh = mb(WTW)ab he hy couples different components of A through
the off-diagonal entries of WZW. The key idea is to find an auxiliary function that decouples
these components.

Lemma 5 (Auxiliary Function for Euclidean NMF). Define

1
G(h, 1) = F(h') + (h = B)TVF(h) + 5 (h = TR () (h = 1) (15)
where K (h') is the diagonal matriz
(WTWht),
ht

a

Kab(ht) = 5ab

Then G(h, ht) is an auziliary function for F(h).

Remark 2. This is a second-order Taylor-like expansion, but with the true Hessian WTW replaced
by the diagonal matriz K(h'). The diagonal structure means the minimization over h decouples
into independent scalar problems for each hy.

Proof that G satisfies properties (i) and (ii).

Property (ii) is immediate: setting h = h! makes both correction terms vanish, giving
G(ht, ht) = F(h!).

Property (i) requires showing G(h,h') > F(h) for all h. Since F is quadratic in h, its exact
second-order expansion (not an approximation) is:

F(h) = F(hY) + (h — BTV F(h') + %(h —HYTWTW (h - h?)



Comparing with (15), we need:
(h — YT K (A (h — hY) > (h — BYTWTW (h — hY)  for all b
This is equivalent to showing K (h!) — WTW = 0 (positive semidefinite). Writing 6 = h — h':

(WTWht),

T T T _
STKS —6Tw W(S—Z i

a

ht
— Z(WTW)ab [hfag — 5a5b] (17)
a,b a

where we used (WTWht), = >, (WTW)4h! to rewrite the diagonal term.
Now apply the inequality x?y/z + z — 2z > 0 for y,z > 0 (which follows from AM-GM:
z%y/z > 2|z|\/y — y - z/z... more directly, for any a, b):

5(3 - Z(WTW)ab 6a 5b
a,b

hi ht
052 a52 > 26,6,
ht * " hl “
This is just the AM-GM inequality applied to §q4/hl /Rl and 0y\/ht/hE. Since (WTW)g, > 0
(all entries are non-negative because W > 0), we can sum over all a,b with non-negative weights
to obtain:

ht
S WTW)a Llfag —~ 5a5b} >0
a,b a

by the symmetrization argument (pair (a,b) with (b, a) and apply AM-GM to each pair). This
establishes property (i). O O
6.3 Minimizing the Auxiliary Function

Since G is quadratic in h with diagonal Hessian K (h'), we minimize by setting V;G = 0:
VG =VFMh) +K(Mh)h—-h)=0

AL = Bt — [K(RY)) 'V (R (18)
Now substitute VF(h!) = —WTv + WTWh! and the diagonal form of K ~1:
ht
ht+1 — ht o a o T T ht
" . 7(WTWht)a[ W v+ W W }a
ht
— ht . a T ht o — T a

W)

— ht . ( a 19

¢ (WTWht), (19)

The multiplicative update rule

WV )y

Haw = o .,

is exactly the minimizer of the auxiliary function G(h,h'), and therefore monotonically
decreases the Euclidean cost ||V — W H||% at every iteration.




6.4 Convergence Summary

Collecting the results:
Theorem 6 (Monotonic Convergence of Euclidean NMF). The Euclidean distance |V — W H||%

18 non-increasing under the update rules
WV ) ap
(WTWH)a,’

(VHT);4

HaM «— Haﬂ ’ (WHHT)ia

va — Wia .

The cost is itnvariant under these updates if and only if W and H are at a stationary point of the
Lagrangian for the constrained optimization problem

min ||V - WH|%

W>0, H>0
satisfying the KKT conditions:
(WIWH -~ WTV) gy Hep = 0 (20)
(WHHT —VH");u Wia =0 (21)
Proof. Monotonic decrease follows from Lemmas 4 and 5. The W-update proof is identical by

symmetry (transpose the problem). The KKT conditions (20)—(21) follow from the fixed-point
analysis: if Hgy, > 0, the ratio must equal 1, so Vg, £ = 0; if H,, = 0, the update preserves this
zero regardless of the gradient sign, which is precisely complementary slackness. O

Remark 3 (Local vs. Global Optima). The objective ||V — W H||% is non-convez in (W, H) jointly
(it is bilinear, hence the product creates non-convexity). The auziliary function method guarantees
convergence to a local minimum (or saddle point), not a global minimum. In practice, NMF is run
with multiple random initializations.

7 Convergence for the Divergence Case

The divergence case follows the same auxiliary function strategy. The construction is more involved
because F'(h) is no longer quadratic, so we outline the key differences.

7.1 The Auxiliary Function

For the divergence objective, the auxiliary function uses Jensen’s inequality on the log term.
The concavity of log gives:

a WiaHa
log(WH);,, = log <Z WiaHa,u> > Z )\Ea) log )\T)“

a

where AEZ) = Wi H,,/(WH");, are non-negative weights summing to 1 (they form a valid distri-

bution over the index a).

This is the same Jensen’s inequality trick used in the E-step of the EM algorithm. The A
values act like the “responsibilities” in a mixture model—they distribute each observed pixel
Viu among the r hidden components proportionally to each component’s contribution to the
reconstruction.



7.2 Result

Minimizing this auxiliary function yields exactly the divergence update rules:

Zi Wia V%u/(WH)m
Zi Wia

The proof of monotonic convergence is structurally identical to the Euclidean case: the auxiliary
function touches the objective at the current point, upper-bounds it everywhere, and its minimizer
gives the multiplicative update.

The full proof appeared in Lee & Seung (2001), “Algorithms for Non-negative Matrix Factor-
ization,” NIPS.

Hg, < Hyy, -

8 Summary: The Architecture of the Proof

1. Write down the objective (Euclidean or divergence).
2. Compute the gradient using matrix calculus or element-wise derivatives.

3. Split the gradient into positive and negative parts (both non-negative matrices when
V,W,H > 0).

4. Choose an adaptive learning rate = current value / positive part, which converts additive
gradient descent into a multiplicative ratio update.

5. Prove monotonic convergence by constructing an auxiliary function:
e Euclidean case: replace the Hessian WTW with a diagonal upper bound — decouples
the variables — minimizer gives the multiplicative update.
e Divergence case: apply Jensen’s inequality to the log term — decomposes the bound

into separable terms — same structure.

6. Verify KKT conditions at fixed points to confirm convergence to constrained stationary
points.

The core insight across both cases: a carefully chosen diagonal majorization of the
Hessian turns a coupled optimization problem into decoupled scalar updates that
automatically preserve non-negativity.

References: Lee, D.D. & Seung, H.S. (1999). Learning the parts of objects by non-negative matrix factor-
ization. Nature, 401, 788-791.

Lee, D.D. & Seung, H.S. (2001). Algorithms for Non-negative Matrix Factorization. NIPS.

Dempster, A.P., Laird, N.M., & Rubin, D.B. (1977). Maximum likelihood from incomplete data via the EM
algorithm. JRSS-B, 39, 1-38.
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